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This paper evaluates feasibility of three-dimensional sonic reverse-time migration (RTM) based on the spectral
element method (SEM). A GPU based algorithm capable of performing both fluid-solid and purely elastic RTM is
presented. The key properties of our algorithm is efficient organization of GPU computations, use of optimized

unstructured meshes and elements of high order, leveraged with sufficient amount of memory available on newer
generations of GPUs. We review the imaging conditions (ICs) for shear-wave imaging, derive four ICs using the
Lagrangian formalism and study their merits. We also propose a simple yet powerful approach for automatically
constructing unstructured all-hexahedral meshes that respect the borehole geometry. The RTM algorithm’s
validity and merits are demonstrated through its application on synthetic data as well as a real data set. Overall,
our results suggest that the sonic community already possesses the technical capability to perform industrial-
scale sonic RTM, at least using GPU clusters employing top-tier chips with large global memory.

1. Introduction

Sonic logging plays a major role in determining formation properties.
The physics of the waves emitted by a source in a fluid-filled borehole
surrounded with (visco-) elastic medium is well understood Tang and
Cheng (2004), Wang et al. (2020). A list of papers analysing various
aspects of the acoustic field includes that based on semi-analytical so-
lutions Cheng and Toksoz (1981), Schoenberg (1986), Schmitt (1988),
the discrete wavenumber technique Meredith (1991), Byun and Toksoz
(2006), and the finite-difference method Cheng et al. (1995), Cheng and
Blanch (2008), Pissarenko et al. (2010), Tang et al. (2014), Wei and
Tang (2012), Wang and Fehler (2017). Detailed descriptions of wave
modes in different media and survey scenarios can be found in mono-
graphs Tang and Cheng (2004), Wang et al. (2020).

During the last three decades, much effort has been focused on the
intriguing possibility of imaging deep structural features of the sur-
rounding formations using full-waveform recording. The feasibility of
creating deep images of near-borehole regions from full-waveform re-
cordings was first demonstrated using P-wave reflections obtained with
a monopole tool, see Hornby and Wiggins (1989), Hornby (1989) and
many followup papers Fortin et al. (1991), Coates et al. (2000), Zhou
et al. (2002), Tang (2004), Haldorsen (2005).
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We are interested in shear wave imaging with a dipole tool. Devel-
opment of this technology can be traced back at least to the 1980s
Zemanek et al. (1986), Schmitt (1988). One of the earliest use of the
dipole full-waveform record for reflection imaging was reported in Tang
(2004). Dipole data exhibit strong directivity that allows resolving the
azimuth ambiguity of single-well sonic data Tang (2004), Tang and
Patterson (2009). Also, dipole data have good spatial resolution due to
the reduced wavelength of the S-wave compared to the P-waves. Several
more recent accounts on imaging dipole acoustic logs include Bolshakov
et al. (2011), Tang et al. (2014), Hirabayashi et al. (2017), Hornby et al.
(2018), Schmitt and Tonellot (2020), Algatari et al. (2021), Hornby
et al., 2024, Zhang et al. (2022), Li et al. (2020).

Although a variety of imaging methods has been applied to sonic
data, such as the Radon transform Hornby (1989) and the f — k trans-
form, the Kirchhoff migration has gained particular attention in the
sonic community, for example, Coates et al. (2000), Zhou et al. (2002),
Tang and Patterson (2009), Bolshakov et al. (2011). Its variant, the
equivalent-offset method, was promoted in Chabot et al. (2001), Zhang
et al. (2009). The trial-reflector approach Hirabayashi (2016), Karpekin
et al. (2019), Hirabayashi et al. (2022), proved to deliver highly satis-
factory fracture images, can also be considered as a variant of the
Kirchhoff migration. Despite the success, the Kirchhoff migration has
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limitations rooted in the ray approximation manifested by its inability to
properly focus low-frequency wavelets and distinguish between the SS,
PP and converted reflections, which are simultaneously present in dipole
sonic data.

The reverse-time migration (RTM), which originated in the 1980th
McMechan (1983), Baysal et al. (1983), was developed to address those
limitations. The 3D acoustic RTM is routinely applied to surface seismic
data, see review Zhou et al. (2018). The elastic RTM is less popular than
the acoustic variant due to its high computational cost. Nevertheless,
there is a whole body of literature devoted to various aspects of elastic
imaging Sun and McMechan (1986), Chang and McMechan (1987), Sun
and McMechan (2001), Yan and Sava (2008), Luo et al. (2009), Zhu
et al. (2009), Luo et al. (2013), Feng and Schuster (2017), Sun et al.
(2018).

The 2D acoustic RTM using the S-velocity distribution has been
applied to dipole sonic data in Schmitt and Tonellot (2020), Alqatari
et al. (2021). While being one of the most massive RTM applications for
field data, those studies highlighted the inability of acoustic solvers
properly explain the complex interaction between fluid and solid,
resulting in noisy images.

The fluid-solid RTM of sonic data was proposed in Li et al. (2013a,
2013b, 2014). Those authors implemented the 2D finite-difference (FD)
RTM and applied it to image P-reflections of the monopole field data.
The same authors expanded their approach into the 3D fluid-solid RTM
Lietal. (2016, 2019). The 3D fluid-solid RTM based on the FD approach
was applied to synthetic dipole data in Gong et al. (2015, 2016, 2018).
The finite difference method has a long history of applications in sonic
simulation. We refer to Cheng et al. (1995), Cheng and Blanch (2008),
Wei and Tang (2012), Wang et al. (2020)(Appendix B) for details.
Recent applications of the FD method to sonic RTM can be found in
Grohmann et al. (2024), Li et al. (2024). The FD schemes produce highly
accurate simulations but may encounter challenges due to their reliance
on structured meshes. The staircase approximation of the borehole,
small Courant number in fluid, and limitation on the accuracy order
increase the size of the computational grid, making such computations
heavy.

The spectral-element method (SEM) has gained significant attention
due to its unique combination of geometric flexibility from the finite-
element method (FEM) and high computational efficiency. It has been
studied by many authors, Komatitsch and Vilotte (1998), Komatitsch
and Tromp (1999), Komatitsch et al. (2000), Chaljub et al. (2003), Festa
and Vilotte (2005), Peter et al. (2011). The fluid-solid SEM-based RTM
for marine seismology was reported in Luo et al. (2013). The SEM seems
to be the ideal match for the sonic imaging of open boreholes in fast
formations at frequencies below approx. 5 kHz. Still, only a few refer-
ences are dedicated to the sonic simulation by SEM, Ponomarenko et al.
(2020), Bazulin et al. (2021).

The full-wave elastic sonic RTM has long remained unreachable due
to the huge computational demands it imposes. Nevertheless, the new
generation of GPUs brings the community close to industrial applica-
tions of elastic sonic RTM. The key factors that have made such com-
putations possible include the steady growth of global GPU memory
across several hardware generations and a sufficiently sized shared
memory, combined with appropriate software design, such as optimized
mesh generation, implementation of high-order elements, and the
avoidance of multi-GPU communication Section 6.

The primary objective of this study is to evaluate the feasibility of
elastic and fluid-solid RTM of sonic data. We present the two variant of
the three-dimensional SEM-based RTM algorithms: purely elastic and
solid-fluid. We review the imaging conditions targeting the shear-wave
imaging, present a rigour and simple derivation using the Lagrangian
formalism and test their performance. An effective approach for auto-
matically constructing unstructured all-hexahedral meshes that accu-
rately capture the borehole geometry is proposed. We discuss the most
critical aspect of our algorithm: the GPU kernel that performs tensor
reduction between stiffness tensor and local degrees of freedom (DOFs).
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Numerical experiments with a model used in H. Wang et al. (2020)
(Chapter 7) are presented. Based on our numerical experiments con-
ducted on a previous generation of GPUs, we contend that the sonic
community already possesses the technical capability to perform
industrial-scale sonic RTM with GPU clusters employing newer chips.

The paper is organized as follows. Section 2 provides an overview of
the cross-dipole survey, covering general information. Section 3 focuses
on modelling using the SEM. Section 4 discusses mesh generation
techniques. Section 5 reviews imaging conditions. Section 6 presents the
results of numerical experiments. Section 7 presents tests involving real
data set. Section 8 discusses properties of sonic SEM RTM from the
geophysical prospective. Section 9 contains concluding remarks. Ap-
pendix A provides details about our GPU implementation.

2. Cross-dipole survey

In this section, we briefly review those aspects of cross-dipole sur-
veys that are essential for RTM. The acoustic pulse is initiated by one of
the two dipole transmitters. One possible design is shown in Fig. 1: each
dipole transmitter has two elements with opposite azimuths. During
excitation, the elements emit positive and negative compressional
waves. The combined action of these waves on the borehole walls (the
source “dipole”) generates compressional and shear converted waves in
the rocks, as well as guided modes (mostly flexural waves, but also
remnant Stoneley waves due to non-ideal tool centring). Receiving el-
ements at each Z-level record pressure, which can be combined into the
two principal data sets corresponding to the receiver “dipoles”. These
principal components are usually referred to as XX, YY, XY, and YX.

The guided modes travelling along the borehole dominate reflections
by several orders of magnitude and have complicated patterns depen-
dent on borehole diameter, source frequency, mud and rocks parameters
- see Tang and Cheng (2004), Cheng and Blanch (2008), Wang et al.
(2020). For deep imaging, that part of the signal can be safely removed
from the data. The remaining data still present a complicated mix of P-/
S- and converted waves, reflected and refracted.

Shear body waves in isotropic medium can be split into two com-
ponents: one polarised in the vertical plane (SV mode) and horizontal
plane (SH mode), see Fig. 2. A simple but frequently used model based
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Fig. 1. The geometry of a cross-dipole sonic survey. (a) Schematic represen-
tation of the tool with two orthogonal dipole transmitting systems (X and Y)
and several circular arrays of receivers. (b) Sketch of a circular array consisting
of 8 receiving elements.



M. Malovichko et al.

Fig. 2. Schematic geometry of a cross-dipole sonic survey. Note that, the S- and
SH-waves depicted are actually converted waves generated at the walls of the
fluid column.

on the low-frequency far-field dipole approximation neglecting the
borehole effect Tang and Patterson (2009), Tang et al. (2009) predicts
the following composition of the recorded data,

XX = SHcos?p + SVsin®o,
YY = SHsin?p + SVcos?op, (@)
XY = YX = (SV — SH) cosgsineg,

where ¢ is the reflector strike angle (Fig. 2). It suggests an equal
contribution from the two modes. However, a more accurate model
considering borehole and dipping angle 8 Tang et al. (2014) explains
why the SH dominates real data sets and constitutes the principal mo-
dality in dipole shear-wave surveys. The SV mode is important when the
dipole is oriented towards a dipping reflector, but this configuration also
generates P—S and S—P waves spoiling the image.

The pre-processing steps for cross-dipole sonic data may vary
depending on the application, but a fundamental procedure is extracting
the dipole mode. The following formula computes the dipole mode for
each i-th circular array,

7
di(t) = Z dik(t)cos (%ﬂk — a) , 2

where « is a predefined direction. Usually, a takes either 0 or z/2, so it
gives the four data sets XX, XY, YX, and YY. This procedure suppresses
symmetric pressure oscillations with respect to the azimuth (monopole
modes) and boosts anti-symmetric oscillations (dipole modes). Identi-
fication of azimuth of reflectors is a separate task, which we do not
consider here, see Tang et al. (2009), Bolshakov et al. (2011), Hir-
abayashi et al. (2017).

We emphasise that, after the dipole mode extraction, reflected
waveforms still cannot be fully described using solid simulation alone.
First, the visible spectrum will be shifted towards higher frequencies due
to significant attenuation of low frequencies in the waves travelled in the
system borehole-solid-borehole. Second, recorded reflections contain
strong ringing caused by reverberation inside the borehole - a short
pulse turns into a long wave packet in the geological medium (Fig. 3). In
addition, the data still retain residual monopole modes.

3. Fluid-solid forward modelling

For the sonic simulation, we solve the coupled fluid-solid system of
partial differential equations (PDEs). Only a short section of the bore-
hole is included in the sonic modelling at a time, so the fluid can be
considered homogeneous. We follow the self-adjoint formulation of
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Fig. 3. A typical fluid-solid simulation highlighting reverberations caused by a
fluid-filled borehole: #1 is the outgoing wave train (primary converted waves),
#2 are guided modes, #3 are trapped waves causing remnant ringing in the
fluid persistent during the entire simulation.

Komatitsch et al. (2000). The fluid is parameterised with sound velocity
c and a constant density p;. The motion in the fluid part is described with
the scalar velocity potential ¢ that relates to the particle velocity u and

pressure p as follows Landau and Lifshitz (1959),
u=Vep, p= —pp. 3

We assume a linear isotropic solid. It is characterized with density p,
and Lamé parameters 4 and . The constitutive relation is given by

-

= C:?
+ Vu

o
7= (Vut va')/2 @

where € is a 2-rank strain, u is displacement, C is a 4-rank tensor given
by

Cia = 488k + 1 (851 + i), 5)
with & stands for the Kronecker delta. The strong form of equations of
motion reads,

pii — divé = f,
bop—Ap=s,

in solid,
in fluid, ©)
where f and s are the forcing terms is solid and fluid, respectively; f =
c~2. Absorbing layers are omitted in egs. (6) to simplify formulas. In the
programming implementation, so-called sponge layers are added to the
sides of the computational domain.

At the solid-fluid interface continuity of traction and the normal
velocity must be satisfied,

in solid,
in fluid.

Gn = pepn,

V¢n=un, @)

The system of PDEs is complemented by the boundary conditions at
the outer boundary,

o-n=0, atsolid outer boundary, @)
@ =0, atfluid outer boundary.
The initial conditions are zero,

u=u=0, ¢=¢p=0 att=0. 9

Now we formulate the weak form of problem (6), (7),(8),(9). In RTM
practice, it is typical to assume that the coefficients p, A, and u are
smooth. It greatly simplifies the choice of the function spaces. We define
a space of functions from interval [0, T] to displacement,

T 1/2
W = {q = [0, Tj=H'(V,)* : (/0 lqliZ: dt) < } (10)
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where H! is the standard notation for a Sobolev space of functions
having a square-integrable weak gradient. Similarly we define the space
of functions from [0, T] to fluid potential,

T 1/2
F = {q =10, Tj~H"(Vj) : (/0 llqlf? dt) < o0 } an

We seek a pair of functions u € 7/ and ¢ €  such that

_ / (pyom) didx + / fadx, Vie 7,
s " 12)

/ﬂq@dx + /vq)-vadx _
7 7

7/(u4n)¢dx+/s$dx, Vg e 7.

g Vi

Here tilde ~ over a variable denotes the test function.

We use the SEM to solve system (12) numerically. The SEM has been
extensively studied in the context of linear fluid-solid wave equations, e.
g. Komatitsch and Tromp (1999), Komatitsch et al. (2000), Chaljub et al.
(2003), Festa and Vilotte (2005), among many others. Therefore, a
detailed discussion of this aspect will be omitted. In this study, we
employed an in-house C++ implementation based on CUDA. A typical
fluid-solid simulation is presented in Fig. 3.

3.1. Computational strategy of sonic RTM

In this section, we address design choices to enhance the efficiency of
SEM-based 3D sonic RTM.

Sonic data, characterized by a narrow aperture and few number of
channels, permit individual processing of each shot with a small
computational mesh. Our software generates a small computational
mesh with surrounding absorbing layers for each shot.

Sonic datasets often entail a significant number of shots, sometimes
tens of thousands or more. Given the narrow aperture, the most efficient
parallelization approach is to refrain from sharing individual forward
and adjoint simulations across multiple GPUs. This improves coarse-
grained parallelism and significantly reduces overall runtime. The pri-
mary constraint is the available global memory on GPU cards.

In elastic 3D RTM, the total number of degrees of freedom (DOFs)
plays a vital role. We recommend using unstructured meshes with
higher-order elements to minimize the total element count and maxi-
mize the proportion of internal DOFs within an element. In our com-
putations we use the 7-th order.

The computational mesh can rapidly expand when a borehole cross-
section is discretized with many elements. Currently, we do not consider
data at frequencies above 3-7 kHz. However, as soon size of elements in
the fluid exceed the borehole diameter, high-order isoparameteric
element are able to describe the borehole geometry with great accuracy.

The most substantial computational challenge arises with a small-
diameter borehole in high-velocity rock. In such cases, the required
memory can easily exceed the available global memory. While a multi-
GPU approach can theoretically address this issue, it becomes imprac-
tical for a large number of data shots due to performance degradation.

4. Mesh generation

Mesh generation is a crucial aspect of SEM-based RTM. The SEM
should be implemented on hexahedral meshes for efficiency. At the same
time, the small borehole diameter and high S-wave velocities in the
surrounding medium impose high requirements on mesh quality: it
should be unstructured, containing small elements near the borehole
and larger elements in the remaining region. Finding an efficient
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algorithm to generate a general unstructured all-hexahedral mesh re-
mains a challenge, despite being a long-standing focus of research in this
field, see recent review Pietroni et al. (2022). Several advanced algo-
rithms are available in commercial specialised packages like CUBIT.

We propose a simpler approach based on the relative simplicity of
our model. A mesh consists of the borehole with fluid and the sur-
rounding elastic medium. We consider a scenario where the wavelength
in the fluid is much larger than the borehole diameter. Simulations have
shown that 7-th order discretization requires at least one element per
wavelength Ponomarenko et al. (2020). Our meshing algorithm starts
with describing the borehole by stacking cylindrical elements. Their
horizontal diameter is equal to that of the borehole, while the fluid’s
wavelength determines the vertical size. The elements far from the
borehole are determined solely by the S-wave velocity in the medium.
Ideally, these elements are parallelepipeds of the maximum size allowed
for that wavelength.

The main challenge lies in constructing transitional elements be-
tween the central cylindrical elements and the larger outer parallele-
piped elements. The radial coarsening rate is flexible, achieved through
transitional rings (Fig. 4(a)-(c)) and their combinations. In contrast, the
coarsening rate in the vertical direction is restricted to the two patterns
(3:1 and 2:1, as shown in Fig. 4(d), (e)). For instance, the height of the
bore elements, H, after coarsening with the 2:1 template turns into 2H,
which might exceed the S-wave wavelength. In such cases, we reduce
the element height within the borehole. There is a limit to this reduction:
the cylindrical elements should not have a height-to-width ratio smaller
than 1, as it would decrease the Courant number for the entire mesh.
Fig. 6 illustrates different combinations of parameters (borehole diam-
eter and S-wave wavelength in the external medium, normalised by the
wavelength in the fluid) and their impact on the coarsening strategy. An
example of the mesh is provided in Fig. 5.

5. Adjoint problem and imaging conditions

The adjoint problem and the imaging conditions (ICs) for the elastic
RTM have been extensively discussed in the literature, so we present a
brief overview for completeness.

The coupled displacement formulation with homogeneous fluid is
self-adjoint, simplifying theory and programming implementation. The
derivation based on the variational approach targeting the SEM dis-
cretisation has been presented in Liu and Tromp (2006) and cited in
many papers since then Zhu et al. (2009), Luo et al. (2013). In principle,
adding the fluid into the system does not pose difficulties as soon as the
system of coupled PDEs remains self-adjoint, as in Komatitsch et al.
(2000), where the wave equation in the fluid is formulated for the

(d) ()

Fig. 4. Several coarsening templates. Radial coarsening: (a)-(c). Vertical
coarsening: (d) 3:1, (e) 2:1.
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Fig. 5. Example of an all-hexahedral unstructured mesh. The central elements
are rendered as prisms with straight faces, but they are actually curved to a
cylindrical shape.
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Fig. 6. Meshing strategy selection based on normalised borehole diameter
(D/Af) and normalised S-wave wavelength (4;/4s). The borehole diameter (D)
and S-wave wavelength (4s) are normalised by the fluid wavelength (i). The
labels “3:17, “2:1”, and “1:1” indicate what coarsening algorithm is available.
The height of the borehole elements is limited by either 4 or s through the
coarsening algorithm. The colour scale represents the highest height-to-width
ratio achievable in a borehole. Reference points for different combinations of
frequencies, S-wave velocities, and borehole diameters are plotted on top of the
figure (see legend).

velocity potential. However, non-self-adjoint systems have been dis-
cretised by the SEM in literature. For example, Peter et al. (2011)
advocate for the fluid displacement potential, which results in the not
self-adjoint formulation. In such a case, attention should be paid to the
adjoint formulation Cao et al. (2021).

The ICs can be viewed as the variation of the misfit functional with
respect to the model parameters, see Liu and Tromp (2006). On the other
hand, the curl IC is usually derived from the Helmholtz decomposition,
followed by Claerbout’s imaging principle of the zero-lag cross-corre-
lation between forward and adjoint wavefields Wang et al. (2017). We
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will show that the curl IC can be obtained from the same variational
principle.

Let d;(t) be a full-waveform pressure recording registered by the i-th
receiver. Formally, it is defined through the observation operator Q; as
follows,

d(t) = Qo= —p / (x, 05(x — x;) o, 13)

where §(x) is the Dirac delta, x; be a coordinate of the i-th receiver. We
keep this notation for a while, but later we consider a more complicated
case involving a weighted sum of data traces.

Let ® be the data misfit,

/ - Q¢)’d 14)
Vi1

We formulate the RTM as the following optimization problem,

minilmize ®, subjectto (6), (7), <8)7 (9) (15)
pap

Let us form the Lagrangian,
ZL(ww, 0,y 1,4 p) =

<zs+/ /V pii — div(C : ) — f )y wdxdt a6

+/ (B — Ap — s)y dxdt.
o Jv

Functions w(x, t) and y/(x, t) are Lagrange multipliers, which we also
call the adjoint displacement and adjoint potential, respectively. We
seek functions u(x,t), w(x,t), p(x,t), w(x,t), u(x), A(x), and p(x), such
that they give the saddle point to the Lagrangian,

(VuZ8) =0, Vi, (V,ZW)=0, Vw,
(V(/‘ya) =0, v@v (VWZV’;) =0, VW)
(VuR) =0, Vi, (ViZ) =0, ¥,

(V,£p) =0, p,

a7

and satisfy conditions (7), (8), (9). Here notation V,% means the de-
rivative of # with respect to x, (-,-) means the scalar product in an
appropriate function space.

Integrating by parts, we verify

(Vo' 9) =
//\/,[ZQd Q:w)]tpdde as)

/0 /Vf(ﬁw—Aw)lT/dxdt:o, .

We set ¢ = @ =0 at t = T during the time integration. This varia-
tional equality corresponds to the following strong formulation,

N
i — Ay = S (di — Qip), inV,
Bir — Ay ;Ql( Qy), inV; 19

y=y=0att=T, w=0only.

In RTM practice, it is common to put Q; d; instead of Q; (d; — Qp). We
can further simplify it by dropping the time derivative in the definition
of Q°, which results in a half-cycle shift of the recorded wavelets but
removes the need to differentiate noisy data (see Section 6.4).

Similarly, from (V,Zu) = 0 we get

ow—div(C:Vw)=0 in V, (20)
w=w=0 att=T, w=0 atl.

The interface condition couples adjoint displacement w and adjoint
potential y, exactly as was specified in (7).
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Fig. 7. Validation of the numerical solver. The red lines are numerical pressure at receivers (13 channels), the blue line represents analytical solution. (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Table 1
Material properties.
p, kg/m® Vp, m/s Vi, m/s
Water 1000 1500
Material 1 2600 3048 1894
Material 2 2400 3390 1996

Applying the same technique to condition (V,%,w)=0 and
(Vy2,) = 0 we recover the forward problem (6),(8),(9).

Now we discuss the imaging conditions. From variational equality
we see
@D

T
(V,77) = / { /0 ﬁ‘wdt}ﬁdx:O, .

Vs
The dot product (-, -) for functions independent of time includes only
space integration. We conclude that (21) corresponds to the following
formulation,
T T
I, =V,7 :/ uwdt = f/ u-wdt. (22)
0 0
The last equality follows from integration by parts.
Let’s consider variational inequality with respect to Lamé parame-
ters. We have

T
(Vg'/ﬂ) —_— / { / IW : 8500 - Vudt]/ldx: 0, Vi (23)
v LJo
and, thus,
T
IA = VA;Z) = / Vw: 51')'5)([ : Vudt =
0
T 24)
/ dive divwde.
0
We also have
(Vulh) =
T
/ |:/ Vw: (5,'1(511 +5i15jk) : Vudt ﬁdX (25)
Vs 0
=0, Vg,

and

I

=

TA
/ £ Edt,
0

where ¢ is the adjoint strain defined as in (5).

T
V,‘f/ = / Vw: ((3&(%'1 + 51151'1() : Vudt =
0 (26)

Sometimes it is useful to employ another parametrisation of 6,

Cia = (K — 2/3p)830 + p (St + Sudje) - 27)

In that case,
I

T
= /0 Vw - (238,50 + Sud + dudy) : Vude =

T (28)
/ Dev?é : Devédt,
0

where Dev is the deviatoric part of strain,

Devé = &5 — (1/3) Sy 29
The last equality in (28) can be verified directly.
Finally, we show that the curl-curl IC can be obtained as follows,

T
I = /0 Vw : (5w — Sudi) : Vudt

T (30)
= / curlu-curlwdt.
0
To prove the last equality, we recall the epsilon-delta equality,
EijkEkpg = Oipdjq — igjp, (3D

where ¢ is the Levi-Civita symbol, &;is the Kronecker delta. With the
use of the Einstein summation, we have

Ol gﬁip&jq — Bigdp) (Opwq) =
o) (Eijkerpq ) (GpWyq

0iuj5ijk ekpqapwq =
(curlu), (curlw),.

(32)

The last equality in this chain follows from the definition of curl.
Our GPU implementation is discussed in Appendix A.
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Fig. 8. Test 1. Comparison of I, and I;: (a) synthetic data shot showing the P- and PS-reflections; (b) shot obtained with I,; (c) shot obtained with I;; (d) 128 shots
obtained with I,; (e) 128 shots obtained with I;. The red star and blue line mark location of the source and receivers, respectively. In Panel (d), two of the three
shallow interfaces are artifacts, while only the true interface is visible in Panel (e). (For interpretation of the references to colour in this figure legend, the reader is

referred to the web version of this article.)

6. Numerical experiments

In this section, we evaluate our RTM algorithm on synthetic data.
The section is not intended to analyze geophysical aspects of sonic RTM
such as space resolution etc., but to provide a validation test for our
software. At the same time, the examples have been chosen to highlight
on specific aspects of the full-waveform sonic RTM.

The computations in this section were performed using Quadro 5000
cards with a compute capability of 6 and 16 GB of memory. It’s worth
noting that newer generation chips with compute capability 7,8 and 9
offer a substantial increase in memory capacity.

We validated our forward modelling engine by repeated tests pre-
sented in Zharnikov et al. (2021), Bazulin et al. (2021). Additionally, we
performed testing against analytical solution by Plyushenkov and
Turchaninov (2006), as presented below. The peculiarity of the latter
solution is that it always simulates sonic tool by including a small cyl-
inder in the center of the borehole with zero Dirichlet BCs. To replicate
this behavior in our solver, we removed cylindrical elements from the
center of the 3D mesh and applied zero Dirichlet BCs there. The resulting
model consisted of a central empty cylinder (radius = 0.05 m), a fluid-
filled borehole (radius = 0.10 m), and elastic solid surrounding it. The
fluid properties were set to Vp=1500 m/s and p=2000 kg/m?. The solid
parameters were p=2640 kg/m®, Vp=3901 m/s, and Vs=2682 m/s. A
monopole ring transmiter was located at a radius of 0.05 m. Thirteen
receivers were placed at a radius of 0.055 m. The distance between the
source and the first receiver was 2.8448 m, with the rest of the receivers,
spaced 0.1016 m apart. We observe (Fig. 7) a good match between the
SEM and analytical solution. The minor discrepancies are attributed to
the reflections from the walls of the computational domain.

In what follows, we used a simple model consisting of a flat interface

between two elastic materials because a similar model was used earlier
for sonic migration evaluation Wang et al. (2020) (Chapter 7). Material
parameters are listed in Table 1. We consider three imaging cases: elastic
data — elastic migration(ED-EM), fluid-solid data — elastic migration
(FSD-EM), and fluid-solid data — fluid-solid migration (FSD-FSM). The
ED-EM experiments deviate significantly from practical cases since the
presence of a borehole profoundly impacts the wavefield, not to mention
the different mechanisms of the source and receivers. However, it is an
essential initial step in gaining insights into sonic RTM. The FSD-EM is a
realistic scenario when one tries to image real data with a purely elastic
RTM engine. The FSD-FSM case is computationally heavy but can cap-
ture the fluid-solid interaction.

6.1. Testl: I, and I, imaging conditions

As was outlined before, the SH waves constitute the principal mo-
dality of the dipole sonic data. Still, we want to examine I, and I, ICs for
completeness. To generate considerable P-wave response, we placed the
interface almost perpendicular to the X-axis with ¢ = 90deg and 6 =
6deg and computed the difference between seismograms with and
without the interfaces. The calculation was performed with a tool with
of 22 circular arrays of receivers separated 0.1016 m apart; the distance
between the source and the first receiver was 2.1336 m. The tool step
size was 0.15 m. The source emitted the 3 kHz Ricker wavelet (Fig. 8).

The modelling and the RTM employed the elastic solver, with the
source represented as an X-force and the receivers recording the X-
displacement. The observation operator for such a setup takes the
following simple form,
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Fig. 9. Test 2. ED-EM of SH reflections: (a) data shot with the first arrivals muted and the sign of wiggles inverted, (b) image with the strain IC I, (c) image with the

deviator IC 1;‘, and (d) image with the curl IC I ;‘

&t) = Qu = / e (t, x) 5(x — x;)dx. (33)

Vs

Fig. 8 shows images obtained with the I, and I, ICs. The single-shot
images in Fig. 8(b), (c), referred to as “banana-doughnut kernels” by
Tromp et al. (2005), offer valuable insights into the capabilities of RTM
in terms of sensitivity and spatial resolution. Apparently, I, generated
two shallow spurious interfaces due to the PS-reflection.

6.2. Test 2: Shear-modulus imaging conditions

This test focused on assessing the three shear-modulus ICs. The
computation is performed in the ED-EM scenario. As before, the
geological model consists of material 1 and material 2. The vertical
interface is placed in the plane y = 5m to maximize the SH response. No
processing to the synthetic data is applied apart from muting. The
calculation was performed with the tool consisting of 13 circular arrays

of receivers separated 0.1016 m apart; the distance between the source
and the first receiver was 2.1336 m. The source emitted the 3 kHz Ricker
wavelet (Fig. 9).

Fig. 9 displays the images obtained from the experiment. All the
images exhibit similarity. Evidently, elastic RTM applied to elastic data
yields accurate reflector images, in contrast to the fluid-solid case, as

discussed below.

6.3. Test 3: Impact of the borehole

This test evaluates the extent to which the presence of the borehole
influences the imaging results. We introduce a fluid-filled borehole into
the geological model (Table 1) and consider FSD-EM and FSD-EM sce-
narios. For the FSD-EM approach, the data consists of pressure readings
from circular arrays, which undergo dipole processing (2). The borehole
significantly affects the data, transforming the reflection from a compact
pulse into a long wave train with an extended tail and a higher frequency
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Fig. 10. Test 3. Processing of fluid-solid data: (a) muted synthetic data d(t), (b)
processed data g(t), (c) adjoint source function q.

content. In the FSD-EM approach, we fed the processed data into the
elastic RTM engine.

The FSD-FSM requires modifying how the processed data are injec-
ted into the adjoint source. Let d(t) be a time-dependent data vector with
dimensions equal to the total number of receivers K, counting N, circular
arrays and N, azimuthal receivers per array. In this case, N, =13, N, =

8, K = 104. Thus,
g(t) = Pd(t) = PQg(t), (34)

where g(t) is the XX processed data, Q : H! (Vf) >R is a vector-valued
restriction operator whose components described by (13). The pro-
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cessing operator P ¢ R¥*K acts according to (2). Obviously, on the
right-hand side of the adjoint problem (19), we will have

q(t) =Q'P'd(t) (35)
instead of just Q"d(t). We dropped the time derivative in the definition of
the operator Q" to avoid differentiating the field data — more on that in
the next section.

Fig. 10 illustrates the data processing relative to the FSD-FSM mode.
Panel (a) shows the row data, as would be recorded by a tool. Panel (b)
depicts the data after standard dipole processing. Panel (c) illustrates
processed data injected into the adjoint sources.

The comparison of the ED-EM, FSD-EM, and FSD-FSM modes is
presented in Fig. 11. The elastic RTM of solid data results in the intense
ringing of the signal, with the reflector image being radially extended by
a lengthy tail. It is also apparent that the azimuthal resolution of the
sonic data is inherently low, as evident from slices perpendicular Z-axis,
see Fig. 11, the middle column.

Surprisingly, the fluid-solid RTM does not recover a compact
reflection but produces even stronger ringing. The only positive aspect
of FSD-FSM over FSD-EM is that the former resulted in a more symmetric
reflector image. Currently, the reasons behind it are not fully under-
stood. On the one hand, applying various filters or LS-RTM may improve
the performance of the FSD-FSM approach. However, it may also be the
case that the necessary information to build compact reflector images is
inherently absent in sonic data, notorious for their narrow aperture.

6.4. Test 4. Effect of time differentiation

According to Eq. (35), the processed data require differentiation.
Fig. 12(a) compares the XX dipole data and their corresponding time
derivative. The differentiation process was implemented as low-pass
filtering, Fourier transform, phase shift, and inverse Fourier transform
to enhance the algorithm’s stability. It can be observed that the differ-
entiation mainly resulted in a phase shift of half a cycle. As a result, the
imaging results obtained from the differentiated and non-differentiated
data were essentially the same, exhibiting a half-cycle phase shift, see
Fig. 12(b), (c).

7. Field data tests

This section discusses tests conducted with real data utilizing V100
GPUs. We selected a data set recorded within an open borehole using a
tool equipped with a pair of dipole sources and 13 groups of receivers,
each containing eight azimuthal receivers. The distances between the
source and the first group, and between subsequent groups, were
2.5908 m and 0.1524 m, respectively, with a tool step along the bore-
hole of 0.1524 m.

Initially, we generated synthetic seimograms using a reduced record
lengh of 15 ms. The elastic medium comprised two half-spaces separated
by a boundary sloping at a 10° angle. The maximum distance from the
well to the boundary was 15 m. The parameters of the half-spaces are
given in Table 2.

Fig. 13 shows one seismogram for eight azimuths, and the resulting
XX seismogram after dipole processing. Dispersive tube waves are
evident up to approximately 7 ms, while reflections become apparent
around 10.7 ms. All 256 seismograms are depicted in Fig. 14. We
computed XX dipole seismograms and muted the initial 7 ms. Elastic
migration in a homogeneous medium with velocities of 6 km/s and 3
km/s was applied (i.e. the fluid column was replaced with the solid). The
curl-curl IC was utilized to generate the image, with the final results
presented in Fig. 15. The primary challenge affecting image quality is
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Table 2
Material properties used to simulate 256 synthetic seismograms.
p, kg/m3 Vp, m/s Vs, m/s
Water 1000 1500
Material 1 2600 6000 3000
Material 2 2600 5900 2900
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Fig. 13. Simulated 15 ms seismogram. The left panel displays eight azimuthal
seismograms, each separated by 45°, with 13 channels seismograms. The right
panel shows the XX seismogram after dipole processing. In both panels, the
vertical axis represents time in milliseconds. Reflected wave train is visible at
10.7 s.

reverberation in the fluid column, resulting in the boundary appearing
as a series of reflections.

The algorithm was then tested on a small set of field data consisting
of seismograms recorded by a tool with the same geometric dimensions
as previously specified. Each record had a length of 40 ms. Before
analysis, the data underwent several preprocessing steps, including
forming the dipole dataset, high-pass filtering, and removing tube
waves, as outlined in Alqatari et al. (2021). A total of 392 seismograms
were utilized, covering approximately a 60 m interval along the well.
For the RTM velocity model we employed smoothed 1D logs (we do not
have permission to publish them), but observed minimal impact on the
images compared to the averaged homogeneous model — likely due to
the short data section used. The original data and the resulting migrated
images are depicted in Fig. 16. On the migrated section, three known
geological horizons are visible, indicated by yellow arrows. These
boundaries align with those identified from the same data using 2D
acoustic RTM, as reported by Alqatari et al. (2021). We do not have
permission to disclose further geological details or directly compare the
two sets of images.

8. Discussion

In this section, we discuss several properties of SEM sonic RTM that
are significant from the geophysical perspective.

11
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The lack of 3D velocity models is a fundamental limitation for single-
well sonic RTM. The survey is aligned along a borehole which is unfa-
vorable for the FWI velocity model building. In practice, the only ve-
locity information available comes from classical sonic logging, which is
essentially 1D. Therefore, even though our 3D SEM engine utilizes a 3D
model internally, this feature has not proven to be a practical game-
changer.

The 3D SEM sonic modelling offers superior accuracy and speed
compared to FD methods, as demonstrated in multiple occasions. This
advantage primarily stems from SEM’s ability to accurately represent
curved borehole geometries and effectively simulate fluid-solid
coupling. Consequently, it was anticipated that 3D fluid-solid SEM
migration would yield high-quality images by effectively separating P-
waves, S-waves, and converted wave reflections due to the specific im-
aging conditions, and migrating recorded wave trains into shorter, more
distinct reflectors. However, in the limited examples analyzed so far, we
have not observed a significant improvement in image quality compared
to the acoustic 2D images published in Alqgatari et al. (2021) (we do not
have permission to publish the comparision at the time of writing).

We attribute the lack of noticeable improvement to several factors.
First, due to the small aperture in deep sonic setups, the majority of
information is derived from travel time. Simpler tools (2D acoustic RTM,
Kirchhoff migrations etc.), provide a faster means of migrating a (ring-
ing) event in the seismogram to a (ringing) event in the image. Second,
in the dipole-dipole sonic setup, S-waves dominate other wave types.
Although there might be situations where converted waves could
degrade image quality, making elastic RTM potentially useful for noise
removal, this factor has not proven as significant as expected. Finally,
the introduction of the borehole into straightforward RTM framework
did not eliminate the ringing noise as anticipated.

Given that SEM RTM is time-consuming and requires substantial
programming efforts, we have concluded that for conventional deep
sonic imaging, it is unlikely to offer significant advantages over simpler
methods. However, there are several research directions where SEM
modelling remains essential. One area is addressing reverberation noise
in deep sonic imaging. Potential solutions include the matched filter
approach proposed by Hirabayashi et al. (2022) or accounting for non-
linearity of the imaging operator. Both methods require accurate bore-
hole simulation, making SEM crucial in this context. Another direction is
shallow sonic imaging. The fundamental challenge in this area is the
presence of strong tube waves masking incoming reflections. SEM
simulation is particularly well-suited to study this issue.

9. Conclusions

We have examined the 3D fluid-solid RTM of dipole sonic data. It is
based on the SEM that enables accurate computation of field data in the
purely elastic or fluid-solid regime. This study involved the imple-
mentation of sonic solid-fluid RTM code on a GPU, marking a novel
achievement.

Our approach to sonic RTM revolves around several key elements.
Firstly, we employ small, independent computational grids for each
shot. Second, use high-order elements, reducing the size of the compu-
tational problem and improving fine-grained parallelism. Third, the
multiplication of the local stiffness tensor with a local vector of dis-
placements is performed in a thread block’s shared memory. Finally, we
proposed a strategy for grid generation, specifically designed to
construct a mesh around a borehole with a small element count.

We reviewed three shear-modulus imaging conditions and subject
them to numerical testing. It has been found that these conditions
generate almost identical images, with the curl-curl condition being the
most economical. We present several tests using synthetic data and a
small real data set, primarily serving as a validation test for our software.
However, these experiments also highlight important aspects of sonic
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Fig. 14. Simulated 15 ms seismograms. The panel presents 256 seismograms arranged side-by-side, each containing 8 azimuthal receiver arrays with 13 channels per
array. The vertical axis represents time in milliseconds, while the horizontal axis indicates the channel number. A time-dependent gain is applied to enhance visibility

of the incoming reflected wave train, which starts at 10.8 ms on the left side and 6 ms on the right side.

Fig. 15. Image obtained after migrating 256 synthetic seismograms. The X-axis represents radial distance in meters, while the Y-axis displayes distance along the

borehole in meters.

RTM, notably the significant impact of reverberation noise from the

borehole.

While further research and efforts are necessary, our results indicate
that the sonic community already possesses the technical capability to
perform industrial-scale sonic RTM, particularly with top-tier multi-GPU
clusters, equipped with with modern cards, such as A100, or H100, each

featuring 80GB of memory.
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Appendix A. GPU tensor reduction

In this section, we consider a GPU implementation of the SEM method. We apply the standard Newmark scheme, which can be found everywhere.
One possible form of the scheme is the following,

A=M"'F-SU"),
Vil =V 1A, (A1)
Ut =U" + V" + A2,

where M is the global mass matrix, S is the global stiffness matrix, 7 is the time step, F, U and V are global load vector, vector of displacement DOFs, and
vector of velocity DOFs, respectively. Most of the computational time is spent on the matrix-vector multiplication (tensor reduction) Su" in the solid
region because the number of fluid elements is typically small. It has been pointed out many times that SU" must be implemented in each element
independently to exploit GPU parallelism. Still, this operation dominates computations, so we review it in more detail.

Let us consider a given solid element K, which contains N°® integration points indexed as {k, [, m}. Here and below, we assume that k,l,m € [1,N]. Let
ugl'" be a 4-dimensional vector containing N° three-dimensional DOFs with indexp = 1, 2, 3 corresponding to the vector component. In this section, we
use subscripts and superscripts solely to simplify notation, not for contravariant and covariant tensor properties.

Let us denote the local stiffness matrix S (not to be confused with the global matrix). It is given by

«_abe o kim
S=/VTJ (x,y,2): C:VZL (x,y,2)dV. (A2)
K

“Matrix” S is, in fact, a multi-dimensional array because both the test and trial spaces are indexed with the indices of a GLL point and components of

«_kim
a 3D vector. Quantity . is a local basis function, which is a tensor product of the basis polynomials. The arrow — denotes a three-dimensional
vector in this section. We want to compute the “matrix-vector” product

w=S®ou. (A3)

Our algorithm is organized in several steps.
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e Step 1. Compute displacement derivatives of the reference element.
The derivatives are given according to the formulas,

«—

u
— (1, 1, tm) =

ar f’ (rk)F(r,,,Sl,tm),

a

«—

& £.(81) U (T, Sas tm), (A4)

a

(i, 15 tm) =

«—

u
¢

M= iM= I[M=

T, St tm) = f,a(tm) u (i, St ta).

||
—-

a

Here ¢ (x) denotes the derivative of a given basis function £(x).
In the code, this is performed by the following array manipulations,

e = ZMka um, p=1,23,
e = ZMmukm ~1.23, *3)
e = ZMmu““ =1,2,3.

Here e’;flmwithp, qe{l,2, 3} is a 5-dimensional array of displacement derivatives (nine values per GLL point), M is a matrix containing derivatives

of the basis polynomials at GLL points,
My = £;(x;) (A6)

e Step 2. Compute inverse Jacobian.
The Jacobian is a map {ry, s, tm}>—>{xk, yl,zm}, which cab be represented as the following matrix,

[0x/0r 0x/ds 0x/¢)t}

dy/or dy/ds dy/ot (A7)

0z/or 0z/ds oz/ot
The inverse Jacobian is a map {xk, i, Zm }{r, S, tm }»

or/ox odr/dy or/oz
0s/ox 0s/dy 0s/oz
ot/ox ot/dy ot/oz

(A8)

kim klm
For a given physical point P = (xx,¥1,2m) and reference point 6 = (%, S1,tm), elements of the Jacobian can be represented as follows,

—

0P alm

o (X, Y1, Zm) Zf T’k<_ >
a=1

‘P N «—kam

X(xka)/lyzm) = Zfa(sl) P, (A9)
a=1

134]? N N kla

o (e Yizn) = >0, (tn) P

|
—

a:

In the code this is represented with the following array manipulations,

Jl;llm = ZMknglmv D= 1:2737
a=1

JEm = ZMMP’“’”‘ p=1,23, (A10)
Jam = ZM,M ., p=1,2,3.

As soon as JX" is available, (J*l)klm is computed by inverting the 3-by-3 matrix.
e Step 3. Compute displacement derivatives in the physical element.

Here we pre-multiply u with J-7, e.g.

14



M. Malovichko et al. Journal of Applied Geophysics 233 (2025) 105573

ou o0u or 0u os Ou ot
oo a ox o o (ALh)

It can be formally expressed as following array operations,

VK
&' =2 () grp =123,

a=1
3 Al2
=3 (e p 12,3, 12
a=1
3
g = ()serp=1.23,
a=1

where array g contains 9 displacement derivatives at each of N° GLL points. In practice, we compute 6 unique components of the strain tensor.

e Step 4. Compute the stress tensor and multiply it by quadratire weights.
Formally we write

3 3
ot — (Z el az")wkzm, 413)

a=1 p=1

where wy, are the quadrature weights. In the code, however, we compute six unique stress tensor components using the strain tensor from the
previous step. Therefore, this step’s work is minimal, especially if the solid is isotropic.

e Steps 5. Apply operator J!.
e Steps 6. Apply operator M7,
Overall, we have the following formal representation for the element stiffness matrix,

S=M'eJ'eCoJToM (A14)

The most expensive parts are Jacobian computation (Step 1) and displacement derivative computations (Steps 2 and 6), involving intensive
computations and irregular access to large chunks of memory. Fig. 17 illustrates the access pattern. Our GPU mitigates the related overburden using
the GPU’s shared memory, as described below.

Global DOFs for U and V, as well as the coordinates of the GLL points, are stored in the global GPU memory. The primary time loop launches a grid
of thread blocks with the block size N3, so within each thread block, each thread corresponds to a single local DOF. The threads copy N coordinates to
a shared-memory array P and N° DOFs of displacement into a shared-memory array U. For example, for N = 8 and the single-precision arithmetic, each
array has a size of 3 x 512 x 4 ~ 6kB. Having array P copied, each thread computes Step 1 as described above. Steps 2 and 6 are performed similarly:
each thread performs computations in the shared memory using the same access pattern. This scheme offers a drastic improvement over uncoalesced
irregular access to the global memory, though it still introduces the bank conflict in the shared memory.

z

Fig. 17. Access pattern for a thread k = [ = m = 2 within a thread block 8 x 8 x 8.
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